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What does data mean - ontology
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Ontology is on data 

The data resides across 
different domains and 
locations

Local data may be necessary
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§ Side information problem (Wyner-
Ziv)

§ Depth one trees (Slepian-Wolf)
– Can be generalized to trees

§ General Networks (Ho et al) 
– Multicast
– Random Linear Network Coding
– Error exponents via method of types 

generalize Csiszar error exponents (.)



Quantizing
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D. Malak, M. Médard, “A Distributed Computationally Aware Quantizer Design via Hyper Binning,” 
IEEE Transactions on Signal Processing, vol. 71, pp. 76-9, January 2023

(a) Computing a convex region. 
(b)-(d) The source hyperplanes are emphasized (red) to represent 
the regions corresponding to several different function outcomes. 
Each outcome is the intersection of the tessellation with the red shaded region. 
(e) A decoding error occurs. 



Low influence functions
• Low influence functions: No coordinate has too much
control on the function.
• This is effectively what allows the relatively high level of 

tolerance to noise or data in inference.

Rafael G. L. D'Oliveira, Salim El Rouayheb, Muriel Médard:, ”The Computational Wiretap Channel”. Allerton 
Conference,  2018
A. Mariona, H. Esfahanizadeh, R. G. L. D’Oliveira and M. Médard, "A Bivariate Invariance Principle," IEEE 
Information Theory Workshop (ITW), pp. 756-761, Oct. 2022. 
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Your work requires you to exploit data 

The data resides across 
different domains and 
locations

For reasons of dimensioning, scaling, security
Computation needs to occur in network

Local data may be necessary

Computation
storage,
communications 
are inseparable

What does data mean - ontology



Ontology
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§ Side Information Problem 
(Orlitsky and Roche, Ortlitsky and Alon)

§ Depth One Trees (Doshi et al.)
– Characterizing the rate region
– A necessary and sufficient condition 

for achievability 

§ General Trees (Feizi and Médard)
– Rate lower bounds for a general case
– For independent sources: optimal coding 

schemes
– Polynomial time (practical) coding 

schemes for some conditions
– Feedback can improve rate bounds

V. Doshi, Shah, D., Médard, M., and Effros, M., “Functional Compression Through Graph Coloring”, IEEE Transactions on Information 
Theory, Vol. 56, No. 8, Aug. 2010 
S. Feizi, and Médard, M., “On Network Functional Compression”, Transactions on Information Theory, vol. 60, no. 9, Sept.2014.



Characteristic Graph
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§ Example: X1 is a RV with uniform 
distribution over {0,1,2,3,4}. X2 is a RV 
such  that we have the following graph 
for   

§ To make characteristic graph of X12, we 
connect two vertices if at least one of 
coordinates are connected in         .

§ X12 can take 25 values {00,01,…,44}.
Characteristic graph:

– Vertices are different 
sample values

– Two vertices are 
connected if they 
should be 
distinguished
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Power Graph Example

§ One can color this graph by using 8 colors.

Fully Connected



Trees
§ Intermediate nodes are allowed to compute 

some functions.

§ Rate lower bounds by using cut-set 
bounds on graph entropies:

f(.)
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R6

§ For independent sources, functions to be computed at intermediate 
nodes are coloring functions. 

§ Unlike regular entropy, chain rule does not hold for graph entropies 
in general:

§ Theorem
      When sources are independent, these bounds are tight. 
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Rate region – ontology meets compression

Fig. 1: (Left) Example rate region for the zero distortion distributed functional compression problem [2]. S denotes the shaded region
between the joint entropy H(X1, X2) curve (inner bound I) and the joint graph entropy curve of HGX1

,GX2
(X1, X2) (outer bound O).

Note that any point above I is the Slepian-Wolf achievable rate region, and O is characterized by how surjective the graph entropy is.
(Right) Example scenarios with achievable rates: rate region for (i) source compression, (ii) functional compression, (iii) distributed source
compression with two transmitters and a receiver, and (iv) distributed functional compression with two transmitters and a receiver. Note that
in (iv) the main benefit of joint graph entropy HGX1

,GX2
(X1, X2) is that it is less than the sum of the marginal graph entropy of source

X1, i.e. HGX1
(X1), and the conditional graph entropy of source X2 given X1, i.e. HGX2

(X2|X1). Joint graph entropy provides a better
rate region than the joint entropy since it does not satisfy the chain rule. Hence, we expect to have �max > �min in the left figure.

In the characteristic graph, each vertex represent a possible
different sample value, and two vertices are connected if they
should be distinguished. More precisely, for a collection of
random variables X1, . . . , Xn assumed to take values in the
same alphabet X , and a function g : X ! Y , we draw an
edge between vertices u and v 2 X , if g(u, x2, . . . , xn) 6=
g(v, x2, . . . , xn) for any x2, . . . , xn whose joint instance has
non-zero measure. We illustrate the characteristic graph and
its relevance in compression through the following example.

a) Slepian-Wolf Coding (or Compression): We start
by reviewing the natural scenario where the function
f(X1, . . . , Xn) is the identity function, i.e., the case of dis-
tributed lossless compression. For sake of presentation, we
focus on the case of two random variables X1 and X2, which
are jointly distributed according to PX1,X2 . Source random
variable X1 can be asymptotically compressed up to the rate
H(X1|X2) when X2 is available at the receiver [1]. Given
two statistically dependent i.i.d. finite alphabet sequences X1

and X2, the Slepian-Wolf theorem gives a theoretical bound
for the lossless coding rate for distributed coding of the two
sources as shown below [1]:

RX1 � H(X1|X2), RX2 � H(X2|X1)

RX1 +RX2 � H(X1, X2). (1)

We denote the rate region in (1) by R(X1, X2). The Slepian-
Wolf theorem states that in order to recover a joint source
(X1, X2) at a receiver, it is both necessary and sufficient to

encode separately sources X1 and X2 at rates (RX1 , RX2)
where (1) is satisfied [2]. Note that the encoding is done in a
truly distributed way, i.e. no communication or coordination
is necessary between the encoders. Distributed coding can
achieve arbitrarily small error probability for long sequences.

One of the challenge in function computation is the function
f on the data X itself. Whether or not having correlations
among the source random variables (or data) X , due to the
mapping from the sources to the destinations the codebook
design becomes very challenging. Since the rate region of
the distributed function computation problem depends on the
function, designing achievable schemes for the optimal rate
region for function computation (or compression) (for general
functions, with/without correlations) remains an open problem.
We aim to develop a tractable approach for computing general
functions using the tools discussed next.

b) Graph Entropy for Characterizing the Rate Bounds:
Given a graph GX1 = (VX1 , EX1) and a distribution on its
vertices VX1 , the graph entropy is expressed as

HGX1
(X1) = min

X12W12�(GX1 )
I(X1;W1), (2)

where �(GX1) is the set of all maximal independent sets
of GX1 . The notation X1 2 W1 2 �(GX1) means that
we are minimizing over all distributions p(w1, x1) such that
p(w1, x1) > 0 implies x1 2 w1, where w1 is a maximal
independent set of the graph Gx1 .

In [3, Theorem 41], authors have determined the rate region
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between the joint entropy H(X1, X2) curve (inner bound I) and the joint graph entropy curve of HGX1
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(X1, X2) (outer bound O).

Note that any point above I is the Slepian-Wolf achievable rate region, and O is characterized by how surjective the graph entropy is.
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compression with two transmitters and a receiver, and (iv) distributed functional compression with two transmitters and a receiver. Note that
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We denote the rate region in (1) by R(X1, X2). The Slepian-
Wolf theorem states that in order to recover a joint source
(X1, X2) at a receiver, it is both necessary and sufficient to

encode separately sources X1 and X2 at rates (RX1 , RX2)
where (1) is satisfied [2]. Note that the encoding is done in a
truly distributed way, i.e. no communication or coordination
is necessary between the encoders. Distributed coding can
achieve arbitrarily small error probability for long sequences.

One of the challenge in function computation is the function
f on the data X itself. Whether or not having correlations
among the source random variables (or data) X , due to the
mapping from the sources to the destinations the codebook
design becomes very challenging. Since the rate region of
the distributed function computation problem depends on the
function, designing achievable schemes for the optimal rate
region for function computation (or compression) (for general
functions, with/without correlations) remains an open problem.
We aim to develop a tractable approach for computing general
functions using the tools discussed next.

b) Graph Entropy for Characterizing the Rate Bounds:
Given a graph GX1 = (VX1 , EX1) and a distribution on its
vertices VX1 , the graph entropy is expressed as

HGX1
(X1) = min
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I(X1;W1), (2)

where �(GX1) is the set of all maximal independent sets
of GX1 . The notation X1 2 W1 2 �(GX1) means that
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Exploit Körner’s graph entropy to compute the true 
rate region for distributed functional compression. 



Ontology versus data (Slepian-Wolf)
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Entropic surjectivity
Defn. Entropic surjectivity of a function  is how well                                 
can be compressed wrt the compression rate of its domain :

A minimal representation of function f, e.g. if coloring is used

A non-surjective function 
has less redundancy vs 
surjective function:
 

II. RELATED WORK

Compressed sensing and information theoretic limits of rep-
resentation provide a solid basis for function computation in
distributed environments. Problem of distributed compression
has been considered from different perspectives. For source
compression, distributed source coding using syndromes (DIS-
CUS) have been proposed [8], and source-splitting techniques
have been discussed [9]. For data compression, there exist
some information theoretic limits, such as side information
problem [10], Slepian-Wolf coding or compression for depth-
one trees [1], which can be generalized to trees, and general
networks via multicast and random linear network coding [11].

In functional compression, a function of sources is sought
at destination. Korner introduced graph entropy [7], which
was used in characterizing rate bounds in various functional
compression setups [12]. For a general function and a con-
figuration where one source is local and another collocated
with the destination, Orlitsky and Roche provided a single-
letter characterization of the rate-region in [13]. In [2] and
[3] authors investigated graph coloring approaches for tree
networks. In [14] authors computed a rate-distortion region
for functional compression with side information. Another
class of work considered the in network computation problem
for some specific functions. In [15] authors investigated the
cut-set bounds for the computation of symmetric Boolean
functions in tree networks. The asymptotic analysis of the
rate in broadcast networks has been conducted in [16], and
in random geometric graphs in [17]. Function computation
has been studied using multi-commodity flow techniques in
[18]. There do not exist, however, tractable approaches to
perform functional compression in ways that approximate
the information theoretic limits. Thus, unlike the case for
compression, where coding techniques exist and compressed
sensing acts in effect as an alternative for coding, for purposes
of simplicity and robustness, there are currently no family of
coding techniques for functional compression.

Computing capacity of a network code is the maximum
number of times the target function can be computed for
one use of the network [19]. This capacity for special cases
such as trees, identity function [20], linear network codes to
achieve the multicast capacity have been studied [20], [21].
For scalar linear functions, the computing capacity can be fully
characterized by min cut [22]. For vector linear functions over
a finite field, necessary and sufficient conditions have been
obtained so that linear network codes are sufficient to calculate
the function [23]. For general functions and network topolo-
gies, upper bounds on the computing capacity based on cut
sets have been studied [15], [24]. In [19], authors generalize
the equivalence relation for the computing capacity. However,
in these papers, characterizations based on the equivalence
relation associated with the target function is only valid for
special network topologies, e.g., the multi-edge tree. For more
general networks, this equivalence relation is not sufficient to
explore the general function computation problems.

Coding for computation have been widely studied in the

context of multi-stage computations [25] which generally
focus on linear reduce functions (since many reduce functions
of interest are linear); heterogeneous networks and asymmetric
computations [26], and compressed coded computing [25],
which focused on computations of single-stage functions in
networks. Coded computing aims to tradeoff the communi-
cation (bottlenecks) by injecting computations. While fully
distributed algorithms might cause a high communication load,
fully centralized systems can suffer from high computation
load. With distributed computing at intermediate nodes by
exploiting multicast coding opportunities, the communication
load can be significantly reduced, can be made inversely pro-
portional to the computation load [25], [27]. The rate-memory
tradeoff for function computation has been studied in [28].
Different coding schemes to improve the recovery threshold
include Lagrange coded computing [29], and polynomial codes
for distributed matrix multiplication [30].

In functional compression, functions themselves can also be
exploited. There exist functions with special structures, such as
sparsity promoting functions [31], symmetric functions, type
sensitive and threshold functions [32]. One can also exploit
a function’s surjectivity. There are different notions on how
to measure surjectivity, such as deficiency [4], ambiguity [5],
and equivalence relationships among function families [33].

III. MODELING COMPUTATION IN NETWORKS

In this section, we want to answer the following questions:
How to handle large, distributed data? What is the rate region
of the distributed functional compression problem for a general
function? Where to place computation and memory? When to
do computations? How to model computation in networks?

As a first step to ease this problem, we will provide a utility-
based approach for general cost functions. As special cases,
we continue with simple example of point search (O(logN)),
then MapReduce (O(N)), then the binary classification model
(O(exp(N))). Our main contribution is to provide the link
between the function computation problem and Little’s law.

We consider a general stationary network topology. While
sources can be correlated, and computations are allowed at
intermediate nodes, we compute some deterministic functions.
Our goal is to effectively distribute computation. Intermediate
nodes need to decide whether to compute or relay. At each
node, computation is followed by computation (causality)
while satisfying stability conditions. We consider a decentral-
ized solution. This yields a threshold of flow (i.e. processing
factor) to be able to perform computation. We also consider
a centralized solution which can be obtained by solving an
optimization problem by using appropriate cost functions.

We use the following notation. The set of source random
variables is denoted by X = XN

1 = X1, . . . XN . Arrival rate
of type c flow at node v is �c

v . Service rate of type c flow at
node v is given by µc

v . Average number of packets at node
v due to the processing of type c function is M c

v . Function
of type c is denoted by fc(XN

1 ). In this section and in the
remaining of the paper, we drop the subscript in graph entropy
HGX (X), and instead use the boldface notation H(f(X)) to
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Fig. 2: Illustration of computational flow at node v 2 V where min cut �
c
v denotes the total arrival rate of

computational flow c at node v that incorporates the original arrivals �
c
v and the arrivals routed from v

0
2 V . Min

cut �f (�c
v) denotes the total generated rate of c at v. Nodes v

0
, v

00
2 V represent the nodes where arrivals routed

from/to.

B. Entropic Surjectivity

In our context, entropic surjectivity is a measure of how well a network can compress a

function that the destination wants to compute. Since non-surjective functions have low entropy,
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Network resource allocation
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Average delay (per node)

show the dependency of the graph entropy on the function f on
the data X . Hence, the (graph) entropy of function fc(XN

1 ) is
H(fc(XN

1 )). Time complexity of generating/processing a flow
of type c at node v is df (M c

v ). The generation rate of the flow,
i.e. the processing factor, of type c at node v is �f (�c

v).

A. Computing with Little’s Law

In this section, we connect the computation problem to
Little’s law. Little’s law states that the long-term average
number L of packets in a stationary system is equal to the
long-term average effective arrival rate � multiplied by the
average time W that a packet spends in the system. More
formally, it can be expressed as L = �W . The result applies
to any system that is stable and non-preemptive, and the
relationship does not depend on the distribution of the arrival
process, the service distribution, and the service order [34].

In our setting, the average time a packet spends in the
system is given by the addition of the total time required by
computation followed by the total time required by commu-
nications. We formulate a utility-based optimization problem
by decoupling the costs of communications and computation:

MinCost : min
⇢

C =
X

v2V

X

c2C
W c

v

s.t. ⇢cv < 1, 8c 2 C, v 2 V,

(5)

where W c
v = Cc

v,comp+Cc
v,comm captures the total delay, and

Cc
v,comp and Cc

v,comm are positive delay cost functions that
are non-decreasing in flow. The delays of computation and
communications for processing functions of type c 2 C are

Cc
v,comp =

1

�c
v

df (M
c
v ), Cc

v,comm =
1

µc
v � �f (�c

v)
, (6)

where df models the time complexity of computation, i.e.
the total time needed to process all the incoming packets
and generate the desired function outcomes. The term �f (�c

v)
characterizes the amount of computation flow rate generated
by node v for function of type c. Hence, the second term on
the right hand side captures the waiting time, i.e. the queueing
and service time of a packet. Hence, by Little’s law, we expect
that the long-term average number Lc

v of packets in node v
for function of type c 2 C satisfies the following relation

Lc
v = �f (�

c
v)W

c
v , (7)

where we aim to infer the value of �f (�c
v) using Little’s law.

The connection between Lc
v and M c

v can be given as

M c
v = Lc

v (1� �f (�
c
v)/�

c
v) . (8)

For simplicity of notation, let ⇢cv = �c
v/µ

c
v 2 [0, 1), and

⇢ = [⇢cv]c2C, v2V , � = [�c
v]c2C, v2V , and µ = [µc

v]c2C, v2V .
The following gives a characterization of Lc

v by simple
lower and upper bounding techniques.

Proposition 1. Flow bounds. The long-term average number
of packets in v for type c flow satisfies

H(fc(XN
1 ))

2
+1�

r⇣
H(fc(XN

1 ))

2

⌘2
+ 1  Lc

v  M c
v . (9)

Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.

Proposition 2. For stability, we require that df (M c
v ) > M c

v .

Proof. Assume that Cc
v,comp < Cc

v,comm. We then have

Cc
v,comp =

1

�c
v

df (M
c
v )<Cc

v,comm =
1

µc
v � �f (�c

v)
<

1

µc
v � �c

v

,

where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c

v ) < M c
v , then we have

Cc
v,comp < Cc

v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c

v ) > M c
v is required.

Proposition 3. Rate of generated flow. The processing factor
of node v for type c flow is given by

�f (�
c
v) � acv ±

p
(acv)

2 � �c
vµ

c
v (10)

where 2acv = �c
v + µc

v + �c
v/df (M

c
v ). Hence,

Lc
v � (acv �

p
(acv)

2 � �c
vµ

c
v)

·

h 1

�c
v

df (M
c
v ) +

1

µc
v � (acv �

p
(acv)

2 � �c
vµ

c
v)

i
.

Proof. Via computation, we aim to achieve Lc
v =

O(
p

df (M c
v )), M c

v = �c
v

µc
v(1�⇢c

v)
. From Little’s law (7) we have

df (M
c
v )  Lc

v = �f (�
c
v)
hdf (M c

v )

�c
v

+
1

µc
v � �f (�c

v)

i
. (11)

Simplifying the above relation, we get:

�f (�
c
v)

2
� (�c

v + µc
v + �c

v/df (M
c
v ))�f (�

c
v) + �c

vµ
c
v � 0.

Simplifying above we get the desired result.

Remark 1. From Prop. 3, observe that as the time complexity
df (M c

v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy

H(XN
1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
to compute. Since non-surjective functions have low entropy, a
function with high entropy yields a high entropic surjectivity.
Hence, for surjective functions H(fc(X))/H(X) ⇡ 1 and it
is not possible to do much further compression.
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where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c
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v , then we have
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v,comp < Cc
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waiting for communications is higher than the number of
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v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy
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a network can compress a function that the destination wants
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function with high entropy yields a high entropic surjectivity.
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is not possible to do much further compression.
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v = �f (�

c
v)W

c
v , (7)

where we aim to infer the value of �f (�c
v) using Little’s law.

The connection between Lc
v and M c

v can be given as

M c
v = Lc

v (1� �f (�
c
v)/�

c
v) . (8)

For simplicity of notation, let ⇢cv = �c
v/µ

c
v 2 [0, 1), and

⇢ = [⇢cv]c2C, v2V , � = [�c
v]c2C, v2V , and µ = [µc

v]c2C, v2V .
The following gives a characterization of Lc

v by simple
lower and upper bounding techniques.

Proposition 1. Flow bounds. The long-term average number
of packets in v for type c flow satisfies

H(fc(XN
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v  M c
v . (9)

Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.

Proposition 2. For stability, we require that df (M c
v ) > M c

v .

Proof. Assume that Cc
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where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c

v ) < M c
v , then we have

Cc
v,comp < Cc

v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c

v ) > M c
v is required.

Proposition 3. Rate of generated flow. The processing factor
of node v for type c flow is given by
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Simplifying above we get the desired result.

Remark 1. From Prop. 3, observe that as the time complexity
df (M c

v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy

H(XN
1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
to compute. Since non-surjective functions have low entropy, a
function with high entropy yields a high entropic surjectivity.
Hence, for surjective functions H(fc(X))/H(X) ⇡ 1 and it
is not possible to do much further compression.

show the dependency of the graph entropy on the function f on
the data X . Hence, the (graph) entropy of function fc(XN

1 ) is
H(fc(XN

1 )). Time complexity of generating/processing a flow
of type c at node v is df (M c

v ). The generation rate of the flow,
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long-term average effective arrival rate � multiplied by the
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formally, it can be expressed as L = �W . The result applies
to any system that is stable and non-preemptive, and the
relationship does not depend on the distribution of the arrival
process, the service distribution, and the service order [34].

In our setting, the average time a packet spends in the
system is given by the addition of the total time required by
computation followed by the total time required by commu-
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characterizes the amount of computation flow rate generated
by node v for function of type c. Hence, the second term on
the right hand side captures the waiting time, i.e. the queueing
and service time of a packet. Hence, by Little’s law, we expect
that the long-term average number Lc

v of packets in node v
for function of type c 2 C satisfies the following relation
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v = �f (�
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v , (7)

where we aim to infer the value of �f (�c
v) using Little’s law.

The connection between Lc
v and M c
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The following gives a characterization of Lc
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lower and upper bounding techniques.

Proposition 1. Flow bounds. The long-term average number
of packets in v for type c flow satisfies

H(fc(XN
1 ))

2
+1�

r⇣
H(fc(XN

1 ))

2

⌘2
+ 1  Lc

v  M c
v . (9)

Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.
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Proof. Assume that Cc
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where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c

v ) < M c
v , then we have

Cc
v,comp < Cc

v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c

v ) > M c
v is required.

Proposition 3. Rate of generated flow. The processing factor
of node v for type c flow is given by
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v) � acv ±
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Proof. Via computation, we aim to achieve Lc
v =

O(
p

df (M c
v )), M c
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. From Little’s law (7) we have
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�f (�
c
v)

2
� (�c

v + µc
v + �c

v/df (M
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Simplifying above we get the desired result.

Remark 1. From Prop. 3, observe that as the time complexity
df (M c

v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy

H(XN
1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
to compute. Since non-surjective functions have low entropy, a
function with high entropy yields a high entropic surjectivity.
Hence, for surjective functions H(fc(X))/H(X) ⇡ 1 and it
is not possible to do much further compression.
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for function of type c. Hence, the second term on the right hand side captures the waiting time,

i.e. the queueing and service time of a packet. Hence, by Little’s law, we expect that the long-
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The following gives a characterization of Lc
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Proposition 1. Flow bounds. The long-term average number of packets in v for type c flow
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Prop. 1 yields a better inner bound than that of Slepian and Wolf [2] because the LHS of (12)

is always less than or equal to H(fc(XN

1 )). Its proof is provided in Appendix.

We next provide a result required for stability.

Proposition 2. For stability, we require that df (M c

v
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show the dependency of the graph entropy on the function f on
the data X . Hence, the (graph) entropy of function fc(XN

1 ) is
H(fc(XN

1 )). Time complexity of generating/processing a flow
of type c at node v is df (M c

v ). The generation rate of the flow,
i.e. the processing factor, of type c at node v is �f (�c

v).

A. Computing with Little’s Law

In this section, we connect the computation problem to
Little’s law. Little’s law states that the long-term average
number L of packets in a stationary system is equal to the
long-term average effective arrival rate � multiplied by the
average time W that a packet spends in the system. More
formally, it can be expressed as L = �W . The result applies
to any system that is stable and non-preemptive, and the
relationship does not depend on the distribution of the arrival
process, the service distribution, and the service order [34].

In our setting, the average time a packet spends in the
system is given by the addition of the total time required by
computation followed by the total time required by commu-
nications. We formulate a utility-based optimization problem
by decoupling the costs of communications and computation:

MinCost : min
⇢

C =
X

v2V

X

c2C
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v

s.t. ⇢cv < 1, 8c 2 C, v 2 V,

(5)

where W c
v = Cc

v,comp+Cc
v,comm captures the total delay, and

Cc
v,comp and Cc

v,comm are positive delay cost functions that
are non-decreasing in flow. The delays of computation and
communications for processing functions of type c 2 C are
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v,comp =

1
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df (M
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v ), Cc

v,comm =
1

µc
v � �f (�c

v)
, (6)

where df models the time complexity of computation, i.e.
the total time needed to process all the incoming packets
and generate the desired function outcomes. The term �f (�c

v)
characterizes the amount of computation flow rate generated
by node v for function of type c. Hence, the second term on
the right hand side captures the waiting time, i.e. the queueing
and service time of a packet. Hence, by Little’s law, we expect
that the long-term average number Lc

v of packets in node v
for function of type c 2 C satisfies the following relation

Lc
v = �f (�

c
v)W

c
v , (7)

where we aim to infer the value of �f (�c
v) using Little’s law.

The connection between Lc
v and M c

v can be given as
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v) . (8)

For simplicity of notation, let ⇢cv = �c
v/µ

c
v 2 [0, 1), and

⇢ = [⇢cv]c2C, v2V , � = [�c
v]c2C, v2V , and µ = [µc

v]c2C, v2V .
The following gives a characterization of Lc

v by simple
lower and upper bounding techniques.

Proposition 1. Flow bounds. The long-term average number
of packets in v for type c flow satisfies

H(fc(XN
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v  M c
v . (9)

Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.

Proposition 2. For stability, we require that df (M c
v ) > M c
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Proof. Assume that Cc
v,comp < Cc

v,comm. We then have
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1
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<
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,

where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c

v ) < M c
v , then we have

Cc
v,comp < Cc

v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c

v ) > M c
v is required.

Proposition 3. Rate of generated flow. The processing factor
of node v for type c flow is given by

�f (�
c
v) � acv ±

p
(acv)

2 � �c
vµ

c
v (10)

where 2acv = �c
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Proof. Via computation, we aim to achieve Lc
v =
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Simplifying the above relation, we get:

�f (�
c
v)

2
� (�c

v + µc
v + �c

v/df (M
c
v ))�f (�

c
v) + �c

vµ
c
v � 0.

Simplifying above we get the desired result.

Remark 1. From Prop. 3, observe that as the time complexity
df (M c

v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy

H(XN
1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
to compute. Since non-surjective functions have low entropy, a
function with high entropy yields a high entropic surjectivity.
Hence, for surjective functions H(fc(X))/H(X) ⇡ 1 and it
is not possible to do much further compression.
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the data X . Hence, the (graph) entropy of function fc(XN
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H(fc(XN

1 )). Time complexity of generating/processing a flow
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v ). The generation rate of the flow,
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Little’s law. Little’s law states that the long-term average
number L of packets in a stationary system is equal to the
long-term average effective arrival rate � multiplied by the
average time W that a packet spends in the system. More
formally, it can be expressed as L = �W . The result applies
to any system that is stable and non-preemptive, and the
relationship does not depend on the distribution of the arrival
process, the service distribution, and the service order [34].

In our setting, the average time a packet spends in the
system is given by the addition of the total time required by
computation followed by the total time required by commu-
nications. We formulate a utility-based optimization problem
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where W c
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the total time needed to process all the incoming packets
and generate the desired function outcomes. The term �f (�c

v)
characterizes the amount of computation flow rate generated
by node v for function of type c. Hence, the second term on
the right hand side captures the waiting time, i.e. the queueing
and service time of a packet. Hence, by Little’s law, we expect
that the long-term average number Lc
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for function of type c 2 C satisfies the following relation
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Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.
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where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c

v ) < M c
v , then we have

Cc
v,comp < Cc

v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c

v ) > M c
v is required.

Proposition 3. Rate of generated flow. The processing factor
of node v for type c flow is given by
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Simplifying above we get the desired result.

Remark 1. From Prop. 3, observe that as the time complexity
df (M c

v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy

H(XN
1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
to compute. Since non-surjective functions have low entropy, a
function with high entropy yields a high entropic surjectivity.
Hence, for surjective functions H(fc(X))/H(X) ⇡ 1 and it
is not possible to do much further compression.
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show the dependency of the graph entropy on the function f on
the data X . Hence, the (graph) entropy of function fc(XN
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of type c at node v is df (M c

v ). The generation rate of the flow,
i.e. the processing factor, of type c at node v is �f (�c

v).

A. Computing with Little’s Law

In this section, we connect the computation problem to
Little’s law. Little’s law states that the long-term average
number L of packets in a stationary system is equal to the
long-term average effective arrival rate � multiplied by the
average time W that a packet spends in the system. More
formally, it can be expressed as L = �W . The result applies
to any system that is stable and non-preemptive, and the
relationship does not depend on the distribution of the arrival
process, the service distribution, and the service order [34].

In our setting, the average time a packet spends in the
system is given by the addition of the total time required by
computation followed by the total time required by commu-
nications. We formulate a utility-based optimization problem
by decoupling the costs of communications and computation:

MinCost : min
⇢

C =
X

v2V

X

c2C
W c

v

s.t. ⇢cv < 1, 8c 2 C, v 2 V,

(5)

where W c
v = Cc

v,comp+Cc
v,comm captures the total delay, and

Cc
v,comp and Cc

v,comm are positive delay cost functions that
are non-decreasing in flow. The delays of computation and
communications for processing functions of type c 2 C are

Cc
v,comp =

1

�c
v

df (M
c
v ), Cc

v,comm =
1

µc
v � �f (�c

v)
, (6)

where df models the time complexity of computation, i.e.
the total time needed to process all the incoming packets
and generate the desired function outcomes. The term �f (�c

v)
characterizes the amount of computation flow rate generated
by node v for function of type c. Hence, the second term on
the right hand side captures the waiting time, i.e. the queueing
and service time of a packet. Hence, by Little’s law, we expect
that the long-term average number Lc

v of packets in node v
for function of type c 2 C satisfies the following relation

Lc
v = �f (�

c
v)W
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v , (7)

where we aim to infer the value of �f (�c
v) using Little’s law.

The connection between Lc
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v can be given as
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For simplicity of notation, let ⇢cv = �c
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⇢ = [⇢cv]c2C, v2V , � = [�c
v]c2C, v2V , and µ = [µc

v]c2C, v2V .
The following gives a characterization of Lc

v by simple
lower and upper bounding techniques.
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Prop. 1 yields a better inner bound than that of Slepian and
Wolf [1] because the LHS of (9) is always less than or equal
to H(fc(XN

1 )). Its proof is provided in Appendix.
We next provide a result required for stability.
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where the rightmost term is the total cost in the case of
no computation. Hence, if df (M c
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v,comm. In other words, the number of packets
waiting for communications is higher than the number of
packets waiting for computation. In this case, packets will ac-
cumulate while waiting for communication service, which will
violate the stability condition. Hence, delay of computation
should be higher, i.e. df (M c
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v is required.
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Remark 1. From Prop. 3, observe that as the time complexity
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v ) of computation increases, acv decreases and the gen-
erated flow amount decreases. Ignoring this principle, if the
processed flow rate were increased with the time complexity
of the function, then the cost for both computation and com-
munications would increase together. However, the processing
factor can decrease with the time complexity, and the output
rate may not be compressed below H(fc(X)). Hence, the
value of the processed flow should satisfy
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1 ) � Lc

v � H(fc(X)).

B. Entropic Surjectivity
In our context, entropic surjectivity is a measure of how well

a network can compress a function that the destination wants
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is not possible to do much further compression.

time complexity 
of computing 

time complexity 
of communicating



18

Cost change with surjectivity

 
      
      

The normalized MinCost versus      . 

14

Fig. 2: Illustration of computational flow at node v 2 V where min cut �
c
v denotes the total arrival rate of

computational flow c at node v that incorporates the original arrivals �
c
v and the arrivals routed from v

0
2 V . Min

cut �f (�c
v) denotes the total generated rate of c at v. Nodes v

0
, v

00
2 V represent the nodes where arrivals routed

from/to.

B. Entropic Surjectivity

In our context, entropic surjectivity is a measure of how well a network can compress a

function that the destination wants to compute. Since non-surjective functions have low entropy,

a function with high entropy yields a high entropic surjectivity. Hence, for surjective functions
H(fc(X))
H(X) ⇡ 1 and it is not possible to do much further compression.

Definition 2. Entropic surjectivity, �c(f). Entropic surjectivity of a function is how well the

function fc : X ! Y , c 2 C can be compressed with respect to the compression rate of its

domain X . We denote the entropic surjectivity of function fc with respect to source symbols X

by

�c(f) = �c =
H(fc(X))

H(X)
, (15)

there are some notation issues related to the above equation! where we emphasize that �c is a

function of the function fc.

Note that �c is maximized when the function f with domain X and codomain Y is surjective,

i.e. for every y 2 Y there exists at least one x 2 X with f(x) = y. Note also that �c is lower
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Fig. 6: Convex computation cost. (L) Processing factor �f (�c
v) versus computation cost scaling factor k. (R) MinCost versus k.
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Fig. 7: (L) Processing factor �f (�c
v) versus entropic surjectivity �c. (R) Normalized MinCost versus �c for different computation costs k.

seen from Figure 7 L. For k = 2, �f = �f, LB as computation
is cheap, and for k = 10, �f > �f, LB as computation is
expensive and the nodes need a higher processing factor. We
expect that �f (�c

v) increases in �c because it becomes harder
to compress as the entropy of the function is higher and
Cc

v,comp should be higher. From Figure 7 R, the behavior of
MinCost is modified by the type and scaling of the computa-
tion cost function as well as �c. Note that communication of
the sources themselves gives an upper bound to the MinCost
problem. Therefore, we normalize the MinCost with respect
to the cost of communications only. When the computation is
cheap, (e.g. concave, or linear with k = 2 as in LHS of R),
the nodes can compress the sources as long as �c is not high
enough such that normalized MinCost is 1. However, as the
computation becomes costly (e.g. when k = 10 as in RHS of
R), compression of the sources does not minimize the overall
cost. We also observe in RHS of this figure, for k = 10,
concave and linear cost functions are the same because the
load of a node is smaller. The sources cannot be compressed
beyond this because optimizing the total (communication and
computation) cost is crucial. As entropic surjectivity goes up
(�c ! 1), implying that the function is surjective, we can infer
that computing will not be allowed beyond a range where
the value of �c is larger than a threshold. This is because
allocating resources to computation does not incur less cost
than communicating the entire source data.

A node can perform computation and forward the processed
data if the range of �c allowing compression is flexible. This
is possible when computation is cheap. However, if a node’s
compression range is small, then the node simply relays most
of the time. This indeed is the case when computation is very
expensive. While computing at the source and communicating
the end computation result might be feasible for some classes
of functions, it might be very costly for some sets of functions

due to the lack of cooperation among multiple sources. By
making use of redundancy of data across geographically dis-
persed sources and the function to be computed, it is possible
to decide how to distribute the computation in the network.

Our approach can be considered as a preliminary step for
a better understanding of how to distribute computation in
networks. Directions include devising coding techniques for in
network functional compression, by blending techniques from
compressed sensing to the Slepian and Wolf compression, and
employing the concepts of graph entropy, and exploiting func-
tion surjectivity. They also include the extension to multi-class
models with product-form distributions, allowing conversion
among classes of packets when routed from/to a node.

APPENDIX

The upper bound in (9) follows from the case of no compu-
tation. In this case, the long-term average number of packets
in v satisfies that Lc

v = M c
v = �c

v
µc
v(1�⇢c

v)
. However, when we

allow function computation we expect to have Lc
v 6= M c

v .
Assume that 1

�c
v
df (M c

v ) �
1
µc
v

. If this assumption did not
hold, we would have df (M c

v ) < �c
v

µc
v��f (�c

v)
. For stability,

the long-term average number of packets in v waiting for
communications service, i.e. M c

v , should be upper bounded by
the long-term average number of packets in v waiting for com-
putation service, i.e. Lc

v � M c
v . Otherwise, M c

v will increase
over time, which will violate the stationarity assumption.

The lower bound follows from the definition of Little’s law:

Lc
v = �f (�

c
v)
h 1

�c
v

df (M
c
v ) +

1

µc
v � �f (�c

v)

i (a)
� H(fc(X

N
1 )),

where (a) is for recovering the function at the destination.
Manipulating the lower bound relation above, we obtain

�f (�
c
v) � µc

v

h
H(fc(XN

1 ))

2
+ 1�

r
H(fc(XN

1 ))2

4
+ 1

i
,

using which we get the desired lower bound.
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seen from Figure 7 L. For k = 2, �f = �f, LB as computation
is cheap, and for k = 10, �f > �f, LB as computation is
expensive and the nodes need a higher processing factor. We
expect that �f (�c

v) increases in �c because it becomes harder
to compress as the entropy of the function is higher and
Cc

v,comp should be higher. From Figure 7 R, the behavior of
MinCost is modified by the type and scaling of the computa-
tion cost function as well as �c. Note that communication of
the sources themselves gives an upper bound to the MinCost
problem. Therefore, we normalize the MinCost with respect
to the cost of communications only. When the computation is
cheap, (e.g. concave, or linear with k = 2 as in LHS of R),
the nodes can compress the sources as long as �c is not high
enough such that normalized MinCost is 1. However, as the
computation becomes costly (e.g. when k = 10 as in RHS of
R), compression of the sources does not minimize the overall
cost. We also observe in RHS of this figure, for k = 10,
concave and linear cost functions are the same because the
load of a node is smaller. The sources cannot be compressed
beyond this because optimizing the total (communication and
computation) cost is crucial. As entropic surjectivity goes up
(�c ! 1), implying that the function is surjective, we can infer
that computing will not be allowed beyond a range where
the value of �c is larger than a threshold. This is because
allocating resources to computation does not incur less cost
than communicating the entire source data.

A node can perform computation and forward the processed
data if the range of �c allowing compression is flexible. This
is possible when computation is cheap. However, if a node’s
compression range is small, then the node simply relays most
of the time. This indeed is the case when computation is very
expensive. While computing at the source and communicating
the end computation result might be feasible for some classes
of functions, it might be very costly for some sets of functions

due to the lack of cooperation among multiple sources. By
making use of redundancy of data across geographically dis-
persed sources and the function to be computed, it is possible
to decide how to distribute the computation in the network.

Our approach can be considered as a preliminary step for
a better understanding of how to distribute computation in
networks. Directions include devising coding techniques for in
network functional compression, by blending techniques from
compressed sensing to the Slepian and Wolf compression, and
employing the concepts of graph entropy, and exploiting func-
tion surjectivity. They also include the extension to multi-class
models with product-form distributions, allowing conversion
among classes of packets when routed from/to a node.

APPENDIX

The upper bound in (9) follows from the case of no compu-
tation. In this case, the long-term average number of packets
in v satisfies that Lc

v = M c
v = �c

v
µc
v(1�⇢c

v)
. However, when we

allow function computation we expect to have Lc
v 6= M c

v .
Assume that 1

�c
v
df (M c

v ) �
1
µc
v

. If this assumption did not
hold, we would have df (M c

v ) < �c
v

µc
v��f (�c

v)
. For stability,

the long-term average number of packets in v waiting for
communications service, i.e. M c

v , should be upper bounded by
the long-term average number of packets in v waiting for com-
putation service, i.e. Lc

v � M c
v . Otherwise, M c

v will increase
over time, which will violate the stationarity assumption.

The lower bound follows from the definition of Little’s law:

Lc
v = �f (�

c
v)
h 1

�c
v

df (M
c
v ) +

1

µc
v � �f (�c

v)

i (a)
� H(fc(X

N
1 )),

where (a) is for recovering the function at the destination.
Manipulating the lower bound relation above, we obtain

�f (�
c
v) � µc

v

h
H(fc(XN

1 ))

2
+ 1�

r
H(fc(XN

1 ))2

4
+ 1

i
,

using which we get the desired lower bound.
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runtime, which is of high complexity. The time complexity, i.e. the order of the count of

operations, of these functions satisfies:

df (M
c

v
) =

8
>>>><

>>>>:

O(log(M c

v
)), Search,

O(M c

v
), MapReduce,

O(exp(M c

v
)), Classification.

(7)

The communications delay at node v 2 V for function of type c 2 C is

Cc

v,comm
=

1

µc
v
� �f (�c

v
)
, (8)

where the term �f (�c

v
) characterizes the amount of computation flow rate generated by node v

for function of type c. Hence, the second term on the right hand side captures the waiting time,

i.e. the queueing and service time of a packet. Hence, by Little’s law, we expect that the long-

term average number Lc

v
of packets in node v for function of type c 2 C satisfies the following

relation

Lc

v
= �f (�

c

v
)W c

v
, (9)

where we aim to infer the value of �f (�c

v
) using Little’s law.

The connection between Lc

v
and M c

v
can be given as

M c

v
= Lc

v
(1� �f (�

c

v
)/�c

v
) .F IX! (10)

M c

v
= Lc

v
·
�f (�c

v
)

�c
v

(11)

The following gives a characterization of Lc

v
by simple lower and upper bounding tech-

niques.there is a problem about how we define M and its relation to L. M should be the

long-term average number of packets in v waiting for communications service.

Proposition 1. Flow bounds. The long-term average number of packets in v for type c flow

satisfies

H(fc(XN

1 ))

2
+1�

r⇣
H(fc(XN

1 ))

2

⌘2

+ 1  Lc

v
 M c

v
. (12)

Prop. 1 yields a better inner bound than that of Slepian and Wolf [2] because the LHS of (12)

is always less than or equal to H(fc(XN

1 )). Its proof is provided in Appendix.

We next provide a result required for stability.

Proposition 2. For stability, we require that df (M c

v
) > M c

v
.
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Allocation over networks

B. Pit-Claudel, D. Malak, A. Cohen, M. Médard and M. Ghobadi, 
“Nona: A Stochas@c Conges@on-Aware Job Scheduler for Real-Time Inference Queries,” 
2024 IEEE 13th Interna@onal Conference on Cloud Networking (CloudNet), Rio de Janeiro, Brazil, 2024, pp. 1-10 

• Stochastic schedulers have the benefit of 
effectively displacing the complexity of 
the problem to an offline phase. 

• When a new job arrives in the system, 
the scheduling decision consists in a 
series of samples from precomputed 
probability distributions. 
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Allocation over networks

 
      
     



Temporal aspects



Temporal multi-resolution

Coarser approximations are released at earlier stages than the full resolution



Neural network coding
23

• Reconstruction metric



Neural network coding
24

Data owners Downstream Computational task 
(e.g., training an ML model)Communication channels

Encoder I(z;L(x))

I(z;S(x))

x

L(x)

Medical 
diagnosis

z

×−𝜆

Loss

Information 
Estimations

Training 
Job

Data-owners would like to 
outsource their data to the 
cloud for a specific purpose, 
e.g., training a machine 
learning model.

– More data and 
advanced computing 
units.

Target: Lossy encoders that trim the sensitive unnecessary 
data from each sample (task-based compressors). 

H. Esfahanizadeh, W. Wu, M. Ghobadi, R. Barzilay, M. Medard,
 “InfoShape: Task-based neural data shaping via mutual information,” IEEE ICASSP 2023.



What is x? Ask us in a few years



Where to?
• What is the data, how we treat the data and where we treat the 

data depend on how we are using the data – ontology
• Computation, networking and communication are connected 

through the ontology that they support and affect ontology 
through what is possible
• Information theory has tools to study an exploit this 

unification



Compression and Communication
Distributed source compression [Slepian and Wolf, 73], [Pradhan and 
Ramchandran, 13], [Coleman et al, 06], [Wyner and Ziv, 76]
Rate region and graph entropy [Körner, 73 ], [Alon and Orlitsky, 96], 
[Orlitsky and Roche, 01], [Doshi et al, 10], [Feizi and Médard, 14], [Feng 
et al, 04], [Gallager, 88], [Kamath and D. Manjunath, 08], [Shah et al, 13]
Network coding and linear functions [Ho et al, 06], [Kowshik and 
Kumar, 10, 12], [Appuswamy and M. Franceschetti, 14], [Koetter et al, 
04], [Koetter and Médard, 03], [Huang et al, 18], [Li et al, 03]
Coding for computation/communications [Li et al, 18], [Kamran et al, 
19], [Yu, Maddah-Ali, and Avestimehr, 18]
Functions with special structures [Shen et al, 18], [Giridhar and Kumar, 
05], [Gorodilova, 19]
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Principle: Use underlying redundancy both in data 
and functions, and recover a sparse representation, 

or labeling, at the destination.


